Introduction {#Sec1}
============

The large deviation behaviour of dynamic observables has been a topic of major recent research interest in driven diffusive systems. Most studies, as summarized in a recent review \[[@CR1]\], focus on the particle current as one of the most important characteristics of nonequilibrium systems in one dimension. In general, current fluctuations are studied from a microscopic or macroscopic point of view. For the first perspective, algebraic techniques are implemented to calculate eigenvalues and eigenvectors of an exponential tilted version of the generator of a stochastic lattice gas. In this way, the rate function of the large deviations of the current is calculated as a Legendre--Fenchel transform of the greatest eigenvalue of the tilted generator. These methods were successfully applied to the asymmetric simple exclusion process (ASEP) \[[@CR2], [@CR3]\], also in combination with the matrix product ansatz \[[@CR4]\], and to zero-range processes (ZRP) \[[@CR5]--[@CR7]\]. The statistics of the current and symmetry properties of the rate function can also be understood in the framework of the fluctuation theorem \[[@CR8]\]. However, the symmetry relation stemming from the fluctuation theorem, also called Gallavotti--Cohen symmetry, breaks down in high current regimes for some condensing systems \[[@CR9], [@CR10]\]. Almost all previous studies focus on open boundary conditions, with only few available for periodic boundary conditions \[[@CR11], [@CR12]\], where microscopic results are difficult to obtain due to temporal correlations \[[@CR13]\].

From the macroscopic point of view, one of the most powerful frameworks introduced in recent years is the macroscopic fluctuation theory (MFT) (see \[[@CR14]\] and references therein), whose more general rigorous description is based on empirical flows \[[@CR15], [@CR16]\]. This is able to provide, as a result of a variational principle, the time evolution of the most likely density profile which typically gives rise to a given fluctuation. It turns out that it can be hard to solve the variational problem and an expression for the density profiles has only been obtained for some specific models \[[@CR1], [@CR14]\].

In general, macroscopic approaches rely on a hydrodynamic description of the process in terms of a mass conservation law. Lower current deviations, that is fluctuations of the current below its typical value, are usually realized by phase separated states for systems with concave flux function such as the exclusion process. These states can be described as weak solutions of the conservation law on a hydrodynamic level, while upper large deviations of the current are associated to hyperuniform states with long-range correlations \[[@CR17], [@CR18]\]. The connection between hydrodynamics and large deviations is provided by the well-known concept of entropy production in weak solutions that exhibit shocks \[[@CR19]\]. Using all possible entropy functionals, this can be used to identify a unique entropic solution to the hydrodynamic equation describing the typical behaviour. For non-entropic solutions the entropy production can provide the large deviation rate function for observing such a non-typical profile, if the correct thermodynamic entropy is used \[[@CR20]\]. This connection has been proved rigorously for the ASEP \[[@CR21], [@CR22]\], giving rise to the so-called Jensen--Varadhan theory. In \[[@CR23]\], this has been applied heuristically to obtain a macroscopic derivation of the rate function for lower current deviations, which coincide with results based on exact microscopic computations and are in agreement with MFT predictions.

In this paper, we extend the Jensen--Varadhan approach to study lower current deviations for ZRPs which have a concave current-density relation. We focus on totally asymmetric dynamics with periodic boundary conditions, for which only few results exist so far. The ZRP was originally introduced in \[[@CR24]\] and it has simple stationary distributions of factorized form \[[@CR25]\] which allow for a detailed stationary analysis. At the same time ZRPs can exhibit a condensation transition in homogeneous systems due to particle interactions when the density exceeds a critical value \[[@CR26], [@CR27]\]. This has been studied in detail in recent years (see e.g. \[[@CR28]--[@CR30]\] and references therein), and has seen many applications \[[@CR31]--[@CR33]\], as well as rigorous mathematical work (see e.g. \[[@CR34]\] and references therein). Here we focus on densities below the critical value, but we establish a dynamic transition for certain ZRPs where for sufficiently small currents the large deviations are dominated by condensed profiles rather than profiles arising from the Jensen--Varadhan approach. Our main result is a complete characterization of the rate function for lower current deviations for general totally asymmetric ZRPs with concave flux function.

The remainder of the paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"}, we define stochastic lattice gases in terms of generators and we define current conditioning in the context of large deviation theory. We introduce four generic classes of ZRPs with concave flux function, which we will analyze throughout the paper using specific examples of jump rates. In Sect. [3](#Sec7){ref-type="sec"} we present a general formulation of the Jensen--Varadhan approach for ZRPs, and compare corresponding cost functions for large deviation events to those of condensed states. Section [4](#Sec10){ref-type="sec"} contains a detailed study of generic examples of ZRPs introduced in Sect. [2](#Sec2){ref-type="sec"} which cover several cases of possible behaviour, two of which exhibit the dynamic transition.

Definitions and Setting {#Sec2}
=======================

TAZRP on a Ring {#Sec3}
---------------
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Current Large Deviations {#Sec4}
------------------------

For the TAZRP, the average stationary current w.r.t. to the canonical measure is defined as$$\documentclass[12pt]{minimal}
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In analogy to results for exclusion processes \[[@CR3]\], we will see that if the system does not exhibit condensation ($\documentclass[12pt]{minimal}
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Generic Examples {#Sec5}
----------------

In the following, we will discuss some examples of TAZRPs which obey ([17](#Equ17){ref-type=""}) and will be used throughout to illustrate our results. This includes models with bounded and unbounded jump rates.
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                \begin{document}$$J(\rho )\in [0,1)$$\end{document}$ due to the bounded jump rates. This process is equivalent to the TASEP (see e.g. \[[@CR41]\] or Appendix 1) and its current fluctuations have been studied before \[[@CR3]\], we simply include it for completeness.

The second example with bounded jump rates we will consider is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$(\rho -\rho _c )L$$\end{document}$ particles concentrates on a single lattice site (see e.g. \[[@CR28], [@CR42], [@CR43]\]). The interesting feature for this paper is that in addition to the density, also the range of admissible currents $\documentclass[12pt]{minimal}
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                \begin{document}$$j\le J(\rho )$$\end{document}$ by travelling wave profiles is bounded as explained in Sect. [4.4](#Sec14){ref-type="sec"}. The partition function $\documentclass[12pt]{minimal}
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We will also consider ZRPs with unbounded jump rates, for which it can be shown (see e.g. \[[@CR34]\]) that product measures exist for all $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} u(0)=0,\quad u\left( n\right) =n+d\quad \text{ for } \text{ all } \ \ n\ge 1\ ,\quad \text {with }\ \ d>0. \end{aligned}$$\end{document}$$Note that a rate $\documentclass[12pt]{minimal}
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                \begin{document}$$u(n)=n$$\end{document}$ would correspond to independent particles jumping with rate 1, leading to a linear current $\documentclass[12pt]{minimal}
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                \begin{document}$$J(\rho )=\rho $$\end{document}$ and this degenerate case is not covered by our theory. Independent particles are easy to study with other tools, but they also arise as the limit $\documentclass[12pt]{minimal}
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                \begin{document}$$d\rightarrow 0$$\end{document}$ of the above family of rates as we will discuss in Sect. [4.3](#Sec13){ref-type="sec"}. The current behaves asymptotically as $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho \rightarrow \infty $$\end{document}$. Again, the main quantities can be computed explicitly in terms of known special functions as$$\documentclass[12pt]{minimal}
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The second example with unbounded rates is given by sub-linearly diverging jump rates of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$n^\gamma $$\end{document}$ we use this regularized functional form for the rates, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u'(0)=1$$\end{document}$ and it converges uniformly to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u(n)=\ln (n+1)$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma \rightarrow 0$$\end{document}$ which can be studied as a limiting case. Again, all densities are admissible with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _c =\infty $$\end{document}$. We are not aware of known special functions that lead to exact expressions for the partition function *z* to simplify the numerics in this case. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(\rho )$$\end{document}$ turns out to be concave for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \ge 0$$\end{document}$ and behaves asymptotically as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(\rho )\simeq u(\rho )\simeq (1+\rho )^\gamma /\gamma $$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho \rightarrow \infty $$\end{document}$.

Hydrodynamics and the Jensen--Varadhan Functional {#Sec6}
-------------------------------------------------

It is well known that the large-scale dynamics of the asymmetric ZRP in hyperbolic scaling $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {T}$$\end{document}$ denotes the unit torus, which arises due to periodic boundary conditions. This has been proved rigorously for non-decreasing jump rates using coupling techniques (see e.g. \[[@CR44]\] and references therein). For ZRPs with decreasing rates as in ([22](#Equ22){ref-type=""}), there are recent results for symmetric systems \[[@CR45]\] for sub-critical densities, but the description by ([27](#Equ27){ref-type=""}) is believed to hold also for asymmetric systems \[[@CR46]\]. For a given initial condition $\documentclass[12pt]{minimal}
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An equivalent criterion to determine the uniqueness of weak solutions under general assumptions was developed by Kruzkov (see e.g. \[[@CR19], [@CR47]\]). Consider a regular convex function $\documentclass[12pt]{minimal}
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This result has been applied in \[[@CR3]\] heuristically in a different scaling. For fixed, large system size *L*, lower current deviations for the asymmetric exclusion process on a ring are realized by phase separated travelling wave step profiles with two densities $\documentclass[12pt]{minimal}
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General Results {#Sec7}
===============

Even though they are only proved for the asymmetric exclusion process, the results in \[[@CR20]--[@CR22]\] depend only on the hyperbolic scaling limit and are of a general nature that can, at least heuristically, be applied directly to other particle systems. Therefore we assume that the same formalism used for the exclusion process in \[[@CR3]\] applies to the ZRPs we consider here, since we assume that they also have concave flux functions $\documentclass[12pt]{minimal}
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Below we described two efficient strategies for the process to realise a large deviation of the current $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_\mathrm{tw}(j)$$\end{document}$ (see ([43](#Equ43){ref-type=""})). Secondly, if the process can exhibit condensation under the stationary measures (i.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho _c < \infty $$\end{document}$) we will see that such a large deviation in the current are sometimes more efficiently realised by condensed states. We denote the large deviation cost associated with realising a current $\documentclass[12pt]{minimal}
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Travelling Wave Profiles {#Sec8}
------------------------

Travelling wave profiles are characterized by pairs of fugacities (or currents) $\documentclass[12pt]{minimal}
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                \begin{document}$$(\phi _1 ,\phi _2 )$$\end{document}$ explained in detail in Sect. [4](#Sec10){ref-type="sec"}. In Fig. [1](#Fig1){ref-type="fig"} (left) all relevant quantities are illustrated for the constant rate ZRP, and Fig. [2](#Fig2){ref-type="fig"} (left) shows an illustration of a travelling wave profile.Fig. 1The two plots feature the constant rate TAZRP ([20](#Equ20){ref-type=""}). *Left* The *blue line* depicts the current-density relation for the constant rate ZRP ([20](#Equ20){ref-type=""}), while the intersecting *black line* is obtained from the consistency relations ([37](#Equ37){ref-type=""}) and ([38](#Equ38){ref-type=""}), varying the volume fraction *x* between 0 and 1. For a fixed density $\documentclass[12pt]{minimal}
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The large deviation cost associated with such as traveling wave profile can be determined in terms of the thermodynamic entropy ([34](#Equ34){ref-type=""}). Since the stationary current for the TAZRP is simply given by $\documentclass[12pt]{minimal}
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Condensed States {#Sec9}
----------------
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Large Deviation Results for Different Models {#Sec10}
============================================

In this section, we determine the optimal travelling wave profiles for different types of jump rates introduced in Sect. [2.3](#Sec5){ref-type="sec"}, finding explicit or numerical solutions to the minimization ([44](#Equ44){ref-type=""}) for travelling wave profiles, which turn out to be unique in all cases as long as the conditioned current *j* is admissible. This unique solution depends on the parameters *j* and $\documentclass[12pt]{minimal}
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Constant Rate TAZRP {#Sec11}
-------------------

Fig. 4Both plots feature the constant rate TAZRP with $\documentclass[12pt]{minimal}
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For constant rate ZRPs, with rates ([20](#Equ20){ref-type=""}), we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z(\phi )=(1-\phi )^{-1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(\phi )=\phi /(1-\phi )$$\end{document}$ (see ([21](#Equ21){ref-type=""})), so the Jensen--Varadhan functional ([42](#Equ42){ref-type=""}) takes the simple form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F\left( \phi _{1},\phi _{2}\right) =\left( \phi _{2}-\phi _{1}\right) +\phi _{1}\phi _{2}\ln \frac{\phi _{1}}{\phi _{2}}-\left( 1-\phi _{1}\right) \left( 1-\phi _{2}\right) \ln \frac{1-\phi _{1}}{1-\phi _{2}}, \end{aligned}$$\end{document}$$and the constraint ([40](#Equ40){ref-type=""}) reduces to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G\left( \phi _1,\phi _2\right) =\phi _{1}\phi _{2}+\rho \left( \phi _{2}-1\right) \left( \phi _{1}-1\right) =j. \end{aligned}$$\end{document}$$Explicit computations of the second derivative and the determinant of the Hessian show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\phi _2}\left( \phi _1\right) $$\end{document}$ from ([58](#Equ58){ref-type=""}) is convex and *F* has concave level lines, which leads to unique optimal pairs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( \phi _1^{o} ,\phi _2^{o}\right) $$\end{document}$. Using the above explicit expressions, the first equation in the system ([44](#Equ44){ref-type=""}) can be simplified to the implicit relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left( \phi _{2}^{o}\right) ^{\rho }\left( 1-\phi _{2}^{o}\right) =\left( \phi _{1}^{o}\right) ^{\rho }\left( 1-\phi _{1}^{o}\right) . \end{aligned}$$\end{document}$$By regularity of the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\left( s\right) := s^{\rho }\left( 1-s\right) $$\end{document}$, it is easy to show that ([59](#Equ59){ref-type=""}) has exactly one solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _2^{o} >\phi _1^o\in \left( 0,1\right) $$\end{document}$. In \[[@CR23], Sect. VII\], a particular parametrization is given as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _{1}^{o}=\frac{e^{\lambda }-e^{\lambda \left( 1-\hat{\rho }\right) }}{e^{\lambda }-1},\quad \phi _{2}^{o}=\frac{e^{\lambda \hat{\rho }}-1}{e^{\lambda }-1}. \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ is the usual Lagrange multiplier of the maximization problem of the Jensen--Varadhan functional constrained to ([38](#Equ38){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\rho }$$\end{document}$ is the density of the TASEP which is equivalent to the TAZRP with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\rho }=\frac{\rho }{1+\rho }$$\end{document}$ (see Appendix [1](#Sec20){ref-type="sec"} for a description of the mapping between the two processes). A few examples of explicit solutions to ([59](#Equ59){ref-type=""}) are$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _{2}^{o}&= \frac{1}{2}\left( 2-\phi _{1}^{o}-\sqrt{\left( 4-3\phi _{1}^{o}\right) \phi _{1}^{o}}\right) \quad \rho =\frac{1}{2} \nonumber \\ \phi _{2}^{o}&= 1-\phi _{1}^{o} \quad \rho =1 \nonumber \\ \phi _{2}^{o}&= \frac{1}{2}\left( 1-\phi _{1}^{o}+\sqrt{1+2\phi _{1}^{o}-3\left( \phi _{1}^{o}\right) ^{2}}\right) \quad \rho =2, \end{aligned}$$\end{document}$$where we notice that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho >1$$\end{document}$, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\phi _1^o ,\phi _2^o )$$\end{document}$ form a concave curve while for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho <1$$\end{document}$ it is convex. The resulting cost function is illustrated in Fig. [4](#Fig4){ref-type="fig"} where we plot $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_{tw}=F\left( \phi _1^o,\phi _2^o\right) $$\end{document}$ against the current $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=G(\phi _1^o ,\phi _2^o )$$\end{document}$. From ([61](#Equ61){ref-type=""}) we see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _2^o \rightarrow 1$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _1^o \rightarrow 0$$\end{document}$, and in this limit $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=G\left( \phi _1^o,\phi _2^o\right) \rightarrow 0$$\end{document}$, which is consistent with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j_{min} =0$$\end{document}$. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\rightarrow 0$$\end{document}$ the spatial proportion of the two phases and the shock speed are then given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x=\frac{j-\phi _{1}^{o}}{\phi _{2}^{o}-\phi _{1}^{o}}\rightarrow 0\quad \text{ and }\quad v_{s}\left( \phi _{1}^{o},\phi _{2}^{o}\right) =\left( 1-\phi _{2}^{o}\right) \left( 1-\phi _{1}^{o}\right) \rightarrow 0, \end{aligned}$$\end{document}$$as illustrated in Fig. [4](#Fig4){ref-type="fig"}. This corresponds to a static, condensed profile, which is consistent with the weaker but more general result ([54](#Equ54){ref-type=""}), where we observe that in this case the limiting condensed profile is symptomatically optimal. Using ([50](#Equ50){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _c =1$$\end{document}$ the limiting cost for condensed configurations is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} E_c (j)=1-j+j\ln j> E_{tw} (j)\quad \text{ for } \text{ all } \ \ j>0, \end{aligned}$$\end{document}$$and only for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=0$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_c (0)= E_{tw} (0)=1$$\end{document}$. Therefore, the large deviation rate function is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I (j)=E_{tw} (j)$$\end{document}$ as shown in Fig. [4](#Fig4){ref-type="fig"}.

Unbounded Sublinear Rates {#Sec12}
-------------------------

In this section we focus on the TAZRP with rates given by $\documentclass[12pt]{minimal}
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As in the previous section, for large finite systems the relevant travelling wave profiles as $\documentclass[12pt]{minimal}
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The cost for condensed profiles for large *L* is approximately given by ([49](#Equ49){ref-type=""}), which implies$$\documentclass[12pt]{minimal}
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As can be seen from Fig. [5](#Fig5){ref-type="fig"}, the cost for condensed profiles for all fixed $\documentclass[12pt]{minimal}
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Asymptotically Linear Rates {#Sec13}
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Since the condensed cost is of order *L* we also have to compare to the option of slowing down the jump rate at all lattice sites which is always of order *L* and therefore irrelevant in other examples. This cost is approximately given by$$\documentclass[12pt]{minimal}
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It is currently out of reach to numerically confirm the extensive behaviour of the rate function for $\documentclass[12pt]{minimal}
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Condensing TAZRP {#Sec14}
----------------

In this section we discuss rates $\documentclass[12pt]{minimal}
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Numerical Results for the Condensing TAZRP {#Sec15}
------------------------------------------

We numerically approximate the scaled cumulant generating function $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (k)$$\end{document}$ given in ([18](#Equ18){ref-type=""}) using a cloning algorithm approach (see e.g. \[[@CR38]\]), which is explained in Appendix 1. The finite-size rate function $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _c^L >\phi _c =1$$\end{document}$, and the current is known to significantly differ from its limiting behaviour above the critical density \[[@CR51]\]. Inversion of this function defines the density $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$E_c^L$$\end{document}$. The resulting finite size corrections to the predicted rate function are significant, as shown in Fig. [9](#Fig9){ref-type="fig"} (right).

The simulations used to calculate the moment generating function $\documentclass[12pt]{minimal}
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Conclusion and Outlook {#Sec16}
======================

We study lower current large deviations for general TAZRP with concave flux functions $\documentclass[12pt]{minimal}
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                \begin{document}$$J(\rho )$$\end{document}$, which can be realized by phase separated density profiles. Travelling wave profiles related to non-entropic hydrodynamic shocks are identified as the universal typical realization at least for small deviations from the typical current. These shocks can be stabelized by local changes in the dynamics and lead to rate functions which are independent of the system size, which have been studied before for the exclusion process. The range of accessible currents for these profiles may be limited, and we established a dynamical phase transition where large deviations for low currents are realized by condensed profiles. In this case the rate function is determined by slowing down the exit process out of the condensate which is again independent of the system size in the case of bounded rates. The transition is caused by two basic mechanisms (summarized in Fig. [3](#Fig3){ref-type="fig"}); firstly, the range of densities in travelling wave profiles is bounded by the critical density in condensing ZRPs, this leads to a minimal accessible current of $\documentclass[12pt]{minimal}
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                \begin{document}$$j_{min}=\rho /\rho _c$$\end{document}$. Secondly, the ratio of limiting current and density appearing in ([45](#Equ45){ref-type=""}) may be bounded due to an asymptotically linear current density relation. In this case the rate function for condensed states is extensive in the system size. We have studied these cases in detail for typical examples of jump rates, together with other generic models with bounded and unbounded rates which do not exhibit a dynamic transition. In this way we cover all qualitative cases of concave flux functions which gives a complete picture of the large deviations for lower current deviations formulated in ([35](#Equ35){ref-type=""}) and ([36](#Equ36){ref-type=""}) in the limit of diverging system size. For condensing systems large deviations of the current may be realized by a temporal mixture leading to a convex rate function, which we have confirmed by numerical simulations using a cloning algorithm in Sect. [4.4](#Sec14){ref-type="sec"}. For finite systems, other strategies beyond travelling waves or condensed profiles may play a role as is illustrated for asymptotically linear rates in Sect. [4.3](#Sec13){ref-type="sec"}.

For future works it would be desirable to complement our analysis with exact results derived from a microscopic approach, analogously to results for open boundary systems \[[@CR7]\], and to investigate how the dynamic transition can be understood in the framework of macroscopic fluctuation theory. While directly analogous results can be derived for upper large deviations when the flux function is convex, it would be interesting to see if general flux functions can at least partially be covered by our approach, or how it extends to partially asymmetric dynamics. As summarized e.g. in \[[@CR34]\], more general Misanthrope processes also provide interesting candidates to study dynamic transitions for current large deviations. Condensed states may require a possibly modified structure, while travelling wave profiles depend only on the hydrodynamic behaviour of the process and are expected to apply in great generality.

Appendix {#Sec17}
========

Remarks on the Cloning Algorithm {#Sec18}
--------------------------------

The cloning dynamics are motivated, and specified, as follows. We may rewrite the moment generating function ([18](#Equ18){ref-type=""}) in terms of an expectation of the constant function with respect to a non probability-conserving process (see for example \[[@CR8], [@CR39]\]). Precisely, for an initial configuration $\documentclass[12pt]{minimal}
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This probability can in principle be estimated by a strong law of large numbers, starting from $\documentclass[12pt]{minimal}
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                \begin{document}$$C_t$$\end{document}$, for large *t*, by running an (exact) Gillespie algorithm for the cloning dynamics. The results in Fig. [9](#Fig9){ref-type="fig"} were obtained by running the dynamics up to a final time $\documentclass[12pt]{minimal}
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An Auxiliary Result {#Sec19}
-------------------

### Lemma 1 {#FPar1}

Consider a ZRP with critical fugacity $\documentclass[12pt]{minimal}
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### Proof {#FPar2}

Suppose for contradiction that there exists $\documentclass[12pt]{minimal}
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Relation with Exclusion Processes {#Sec20}
---------------------------------

Any ZRP can be mapped to an exclusion process (EP) in the following way. The number of particles $\documentclass[12pt]{minimal}
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In this way, for any choice of the transition rates $\documentclass[12pt]{minimal}
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Note that, from ([86](#Equ86){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$J\left( \rho \right) $$\end{document}$ is concave as well ([17](#Equ17){ref-type=""}). Also, for all sublinear currents $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J\left( \rho \right) $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{J}\left( \hat{\rho }\right) $$\end{document}$ is non-monotone since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{J}\left( \hat{\rho }\right) =\left( 1-\hat{\rho }\right) J\left( \frac{\hat{\rho }}{1-\hat{\rho }}\right) \rightarrow 0$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\rho }\rightarrow 1$$\end{document}$. For asymptotically linear currents, like $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J\left( \rho \right) \simeq d+\rho $$\end{document}$ (see Sect. [2.3](#Sec5){ref-type="sec"}), we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{J}\left( \hat{\rho }\right) \rightarrow 1$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\hat{v}_s=\frac{\hat{J}\left( \hat{\rho _2}\right) -\hat{J}\left( \hat{\rho _1}\right) }{\hat{\rho _2}-\hat{\rho _1}}$$\end{document}$. Condensed states in the ZRP also map to travelling wave profiles in the EP (which does not have condensed profiles), with the condensate corresponding to a block of fully occupied sites.
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                \begin{document}$$\hat{J}\left( \hat{\rho }\right) $$\end{document}$ leads to lower current deviations being realized in the EP by phase separated profiles analogously to ZRP. ([87](#Equ87){ref-type=""}) is then consistent with the Jensen--Varadhan approach applied directly to the exclusion representation of the system (as is done in \[[@CR23]\] for the standard TASEP, which can be mapped to the constant rate ZRP).
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